Abstract
Introduction
One of the most popular sensors in computer vision is a pan-tilt stereo head. This sensor is composed of a camera pair mounted onto a pan-tilt mechanism. Being an active sensor, it has proven to be useful for a number of applications including the tracking of moving objects, 3-D reconstruction, visual servoing, and so forth. Essential in such applications is the perception-action cycle: the stereo head must move according to what it has previously seen. Therefore control consists of closing the loop between observations done with the stereo camera and actions done with the pan-tilt motors. Such a loop requires a model of the active stereo head that comprises both, the purely geometric model of the camera pair as well as the direct and ' The authors are very grateful towards the European Commission for financial support through the Marie-Curie fellowship FMBICT97228 I , and the Esprit LTR project VIGOR 26247.
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Whereas projective models already exist for the camera geometry, pan-tilt mechanisms are classically modeled using Euclidcan transformations, i.e. rigid displacement. Therefore, the projective information recovered with the weakly calibrated stereo rig must be upgraded to Euclidean. In contrast, this paper introduces a new approach and a new mathematical framework, that by-passes the upgrade to Euclidean. It allows to represent both, the camera pair and the pan-tilt mechanism, as well as their mutual interaction by means of their geometry in projective space.
The concept of a projective displacement (a projective transformation of a rigid body) is first introduced and we show how to use them to model the pan-tilt stereo head (sections 2 and 3). The particular case of a projective rotation ( a projective transformation corresponding to pure rotational motions) is considered in section 4. We propose a parameterization which is the projective equivalent of the well-known Rodrigues formula for the Euclidean case. We describe and exploit its most interesting properties, i.e. the Lie group structure of projective rotations. Section 5 addresses the problem of estimating in practice projective rotations from image observations. We propose both, a linear and a non-linear method. Section 6 describes several experiments including the complete "weak calibration" of a pan-tilt stereo head, feed-forward prediction useful for object tracking, and a homing experiment. Finally, section 7 contains a summary, some conclusions, and some directions of future work.
Preliminaries
A calibrated stereo rig is modeled as two pinhole cameras with intrinsic parameters K, K', that are rigidly linked by (R',t'). A point N in Euclidean space projects onto the points m and m' in the left and right projective image planes [6] . Solving the corresponding projection constraints (1) yields a Euclidean reconstruction N relative to the Euclidean camera frame &
(1)
A weakly calibrated stereo rig is modeled as a pair of cameras with known epipolar geometry, which allows two projection matrices to be calculated [8] , such that a respective projection reconstruction M is obtained by solving
It is relative to a projective camera frame P which is welldefined by P, P'. It can be thought of as five rigid points associated with the stereo rig [71, [131. If the stereo rig's internal geometry is fixed', i.e. for constant K, K', and (R', t'), the so-called projectiveEuclidean link is the well-defined homography HPE:
The non-metric pan-tilt stereo head
We model such a mechanism as a RR-chain, serially linking two revolute joints that allow for pan-and tiltmotions. Its configuration is described by the pan-and tiltangles (@, @) relative to an origin of its joint-space, which can be freely chosen to determine the mechanism's zeroposition (0,O). Finally, a weakly calibrated stereo camera pair is rigidly mounted onto the end-effector (Fig. 1) .
Consider the standard camera frame E and a corresponding projective frame P , both rigidly moving with the cameras. For the mechanism in the zero-position, we define two inertial frames &O that upgrades a projective reconstruction (2) in P to a Euclidean one (1) in E. H~E encapsulates the geometry of the stereo camera pair: the left intrinsic parameters K and the plane at infinity [aT, 11. Calculating H~E amounts to calibrating the system [18], [5] , which however is bypasses in our approach.
Suppose now, that the rig undergoes a rigid motion [ 
(4)
We will refer to such 4 x 4 homographies HRT -a subgroup of the projective group that is conjugate by H~E to the displacement group S E ( 3 ) -as projective displacements [16] . Moreover, we assume them to be normalized to det HRT = 1, which is achieved by division through y = (detH'R)'/4sign(t~aceH'R)
Throughout this paper, we exploit this group, more precisely a class of its subgroups called the projective rotations, to model the motions of the pan-tilt mechanism in the projective camera frame P. [14] is not suitable as it attaches moving frames to each link, which makes little sense in the projective case. Therefore, we establish the so-called zero-reference model [ 151 which represents each revolute joint by the way it acts on the 3D-space reconstructed with the cameras. More precisely, Tq and T+ are the displacements that correspond to revolutions of the pan-and tilt-joint when the mechanism was in zero-position.
A'(@,@) = T+ -N ( @ , O ) .
(6)
'The pan-tilt mechanism moves the camera pair while they are fixed one to the other Therefore, the order in which the revolutions are multiplied
Jordan Normal Form
must guarantee the joints to have zero-position (relative to the camera, Fig. 1 ) before being actuated. So, we obtain the Euclidean forward kinematic map N(Q, @) = TaTqN(0,O).
If we switch from Euclidean to projective coordinates by substituting (3) into (7), we obtain the 4 x 4 homography H(Q, @) between PO and P that corresponds to the projective displacement (4) of the pan-tilt system.
H* Hly
As soon as equation (8) is written without explicit use of HPE, we have a purely projective model of the system's geometry, comprising both, the stereo head and the mechanism. In this sense, we call it a non-metric pan-tilt stereo head. Its projective kinematic map follows directly from using the corresponding tangent operators HQ and H,p, which will be formally introduced in section 4. In summary, the apparent projective displacement H(Q, @) of a projective reconstruction M -which is induced by the joint-space displacement (Q, @) -is given by the kinematic map (9) , that is expressed in terms of the tangent operators. They will be shown to have a closed-form expression (27) determined from a single trial motion. Additionally, a non-linear optimization method (section 5) for numerous motions is devised.. Determining the operators amounts to a weak calibration of the system (section 6.1).
Theory of projective rotations
In this section, we will show that, under the assumptions outlined in section 2, the projective kinematics of revolute joints can be represented by means of a subgroup-class Hence, a projective rotation has the Jordan decomposition
where JR is canonical up to permutations of its blocks. 
Rodrigues like Parameterization
Proposition: A projective rotation is a projective transformation conjugate to a pure rotational displacement (10). a) The 4 x 4 homography describing this transform can be parameterized as a projective "Rodrigues-like formula":
where HR is a rank two matrix whose explicit form is derived within the proof (18), or in (27). 
Lie group property
Consider a one-parameter group of projective rotations HR with a fix H J (1 I). There is a smooth, onedimensional manifold 6 + HR(6) in R4". They have the tangent operator HR which represents an infinitesimal element in vicinity of the identity limo-0 v.2
(1 -COS e)H$ + sin 8 H R -= HR.
(26) 8 lim
6-0
Hence, after fixing the family HJ, it is straight-forward to see that HR(B) forms a one-parameter Lie group in 8 which is isomorphic to SO(2). It has HR as a corresponding one-dimensional, linear Lie algebra [ 
The exponential (1 6) is the mapping from the Lie algebra into the Lie group. It is exploited in the forward kinematic prediction (9) . Its inverse, the map from the group into the algebra can be calculated from a single projective 
Estimation of projective rotations
In this section,_we show how to accurately estimate the tangent operator HR of observed projective rotations HR from joint angle and image measurements, only. The goal is to weakly self-calibrate our mechanism from pan-and tilt-motions observed with the stereo head.
Objective function
Consider for instance the pan-joint. Move it to n positions Q i , take n stereo images (Fig. 2 ) , and extract the tracks mi and rn; of the image projections (2) 
Minimal parameterization
Since the goal now is to minimize f over HR, we seek to minimally parameterize it. A projective rotation defined as in (10) has 13 parameters: 5 in K (intrinsic parameters), 3 in the plane at infinity UT, and 5 in the rotational displacement TR (the angle plus the axis as 3D-line). It is known, that from a single rotation, the plane at infinity is not fully defined [ 3 ] . Moreover, just a subset of the internal parameters can be calibrated and the respective constraints are of non-trivial orders [4] . The "physical" parameters are hence not suitable, nor are the vectors in (1 S), since they are subject to the constraints (19) and to the ambiguity (24).
Given an initial guess, a two-parameter family of solutions is introduced by the square [: :
] (24). In order to resolve this ambiguity, a and b are fixed by setting hll = 1, h~1 = 0. In practice, this constraint is imposed by QR-decomposition Q . W with column-permutations X to ensure dominant diagonal elements and a good numerical condition.
Now, a well-conditioned form of (25) is Hk = HRX-'
)The vectors m , , m l . M, generically stand for a whole set of matched points and corresponding reconstructions. 2Note that. since the scale is fixed to y = 1, this limit is well-defined.
Given a good initializatoin, an initial QR-step is sufficient; otherwise hil, hil should be monitored during the minimization. Besides hll and h21, further four parameters are eliminated by imposing the bilinear constraints (19), such that H, depends in the end only on the 10 parameter vect o r x = ( hi2, hi3, hi4, hb2, hh3hb4, k:3,k:4,  ki4) . Consequently, the objective f is minimized over x.
Initialization
It is straight-forward, that any Jordan decomposition (1 1) gives an initi?] guess. An alternative is to calculate the tangent operator HR using (27) and to impose rank 2 using SVD. We still have to calculate a eigen decomposition interest-points using SSD-based cross-correlations and refine them to subpixel accuracy using paraboloid interpolation. The theoretically predicted accuracy of 0 . 3 p s is only achieved between consecutive images. Otherwise a noticeable drift of the features is introduced since errors sum-up due to the sequential concatenation of correlations.
Non-metric calibration
In the calibration phase, two separate trajectories, the first stepping the pan-joint 20 times by l U , and the second stepping the tilt-joint 10 times also by lo, are driven. The corresponding image sequences show the mountain moving in the image horizontally ( U ) for pan and vertically (w)
for tilt, along a path of 3 0 0 p length. A subset of the steps and interest points is taken to establish a non-metric calibration of the system, i.e. to estimate H, and 8, (9) using the parameterization proposed in section (5). The result is evaluated against the steps and the points not used for calibration (Fig. 2) . We evaluate backprojected against ex- subpixels (Fig. 3 , Tab. I) . In order to eliminate a possible interference due to the drift, a reconstruction Mi at step i is evaluated just against the step i + 1.
Feed-forward prediction
In the prediction experiments, the mountain is observed from 9 general positions of the pan-tilt head, which are not on the calibration trajectories, i.e. both joints are moved. For each pair of positions, the just established weak calibration is used to predict points (9), (2) in the second image pair from the joint angles and the reconstruction done from the first image pair. Again, predicted points are evaluated against extracted points. The results show that the mean prediction error is below lpz (Fig. 4 , Tab. 1).
Practical applications of the feed-forward prediction are in image-based target tracking, and trajectory planning to avoid occlusions, collisions, or targets out-of-view.
Homing
In the homing experiments, a stereo image or at least a single reconstructed point Mh defines a home position of In the experiments, we use again the objective function j, but minimize now over the two parameters (Q,4) (29), [9] , [ 121. The results are evaluated against the joint-angles measured when the home image was taken. The results presented in Figure 5 show that a single point is sufficient to home a pan-tilt head with a precision better than 0.1' for pan and 0.02' for tilt. Practical applications are visual reset of the pan-tilt system during power-up, visual measurement of joint-angles, visual homing, or target tracking with the pan-tilt mechanism.
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Figure 5 : Visual homing using a single point: Joint-space error over 35 trials.
Summary and Conclusions
In this paper, we presented a new approach to model the geometry a pan-tilt mechanism relative to a weakly calibrated stereo head, mounted on top of it. In contrast to existing methods for stereo self-calibration, the proposed method allows to avoid the very difficult metric calibration but still proves to be highly accurate -lpz in image-space and 0.1' in joint-space -even on unstructured, real images.
Based on weak calibration only, fully operational systems are feasible for applications like homing, surveillance or target tracking. The proposed mathematical formalism for modeling a kinematic chain -projective rotations and their product-of-exponentials -is sound and complete. It directly extends directly to 6R robot arms. Therefore, future work will concentrate on using this approach to model, calibrate and control general robots using a non-metric approach to visual servoing.
